QUANTUM TORSORS 

CYRIL GRUNSPAN 



Abstract. The following text is a short version of a forthcoming preprint 
about torsors. The adopted viewpoint is an old reformulation of torsors recalled 



recently by Kontsevich [Kon|. We propose a unification of the definitions of 
torsors in algebraic geometry and in Poisson manifolds (Example || and section 



2.2). We introduce the notion of a quantum torsor (Definition |2.lD . Any 
quantum torsor is equipped with two comodule-algebra structures over Hopf 
algebras and these structures commute with each other (Theorem ^^■) In the 
finite dimensional case, these two Hopf algebras share the same finite dimension 
(Proposition We show that any Galois extension of a field is a torsor 

(Example ||) and that any torsor is a Hopf-Galois extension (section ^^). We 
give also examples of non-commutat ive t orsors without character (Example ^ . 



Torsors can be composed (Theorem 3^). This leads us to defi ne fo r any Hopf 



algebra, a new group- invariant, its torsors invariant (Theorem 3^). We show 



how Parmentier's quantization form alism of "affine Poisson groups" is part of 



our theory of torsors (Theorem 3.4 ) 



1. Introduction 

1.1. General overview. The aim of our work is to give a meaning and to de- 
velop a general theory for quantum torsors, starting from the principle that most 
of the objects of "traditional" commutative geometry should have a counterpart 
in the framework of non- commutative geometry. In algebraic geometry, torsors 
are familiar objects. Indeed, we know that they are linked with the problem of 
inner forms of algebraic groups and classified with the help of Galois cohomol- 
ogy groups : modulo an equivalence relation, torsors over an algebraic group 
G defined over a field k are in correspondence with a pointed cohomology set 
H^{Ga\{k/k), G{k)) where k is an algebraic closure of fc, such that the trivial tor- 
sors X ojik (the ones with X{k) ^ 0) correspond to the trivial cocyle. Therefore, 
it seems natural to develop a similar theory in the framework of quantum groups 
or Hopf algebras. On the other hand, in the category of Poisson manifolds, tor- 
sors are well-known objects and have been classified by Dazord and Sondaz [pS| 
under the name of "afiine Poisson groups" (for a precursor, see |S|]) and quantized 
by Parmentier 0]. However, the two definitions of torsors in algebraic geometry 
and in Poisson geometry do not coincide. In algebraic geometry, a torsor is a 
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scheme X equipped with a group-action m : G x X — > X where G is a group- 
scheme such that the map [m x pr^) : G x X — > X x X is an isomorphism of 
schemes, whereas in the category of Poisson manifolds, a torsor X is (still) the 
data of a Poisson-Lie group G and a group-action m : G x X — > X plus certain 
conditions saying that the stabilizers of the action are all trivial, but in that case, 
the bijective map (m x pvx) : G x X — > X x X is not a Poisson map. 

Thus, we are looking for unifying in a same theory the results of algebraic 
geometry about torsors and Parmentier's quantization results. Our starting point 
is an old intrinsic reformulation of affine structures originally suggested by Baer 
and developed later on by Certaine Vagner |V[], Kock [[Koc|| , Weinstein 



and recalled recently by Kontsevich [ [Kon]| . One of the corollaries of our work 



is the definition of a non trivial group-invariant Tot(H) associated with any Hopf 
algebra H (Theorem 



1.2. Definition of a torsor. In the category of sets, affine algebraic manifolds 
over an algebraically closed field or Poisson manifolds, a torsor is a G-principal 
homogeneous space where G is a group in the category. Even though the axioms 
asserting that G acts transitively can be quantized without any problem, the 
axiom saying that all stabilizers are trivial is not so easy to quantize, especially 
when the quantum manifolds have no point (i.e., when the algebras of functions 
have no character). According to the point of view originally developed by Baer 
[PI , a (classical) torsor is the data of an object X and a composition law fix '■ 
X^ — > X satisfying some associativity relations, called parallelogram relations 
and analogous to the ones we would get by taking X = G a group and 

Hg ■ G^ — > G ..s 
{g, h, k) I — > gh~^k ^ ' 

By reversing the arrows, Kontsevich noted that it was possible to define in this 
way all the torsors of the algebraic geometry | |Kon| | . We will see that it is also 



possible to extend this idea in non-commutative geometry. 

1.3. Classical torsors. In pointed categories such as the category of sets, affine 
algebraic manifolds over an algebraically closed field or Poisson manifolds, it is 
easy to see that the map fix '■ X^ — > X should verify the following relations : 

\/a,b,c,d,e & X, jj,x{a,a,h) = b (2) 

fix{a,b,b) = a (3) 

Hx{fJ'x{a,b,c),d,e) = nx{a,b, nxic, d, e)) (4) 

= iJ,x{a,iJxid,c,b),e) (5) 

Conversely, if an object X is equipped with a law fix satisfying these equalities, 
then we can easily find two groups of the category G/(X) and Gr{X) acting simply 
and transitively on X, the first one from the left and the second one from the right 
and X is a principal homogeneous space on Gi{X) or Gr{X). Furthermore, we are 
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able to classify all the classical torsors. In the category of sets, as well as in the 
category of affine algebraic manifolds over an algebraically closed field, any torsor 
is isomorphic to the trivial torsor {G, fic) on a group G. In the category of Poisson 
manifolds, it can be shown that any torsor is isomorphic to an "affine Poisson 
group" according to the terminology introduced by Dazord and Sondaz ||DS|| and 
thus is identified with a triple (g, 6, f) where (g, 6) is a Lie bialgebra and / G A^(g) 
is a "classical Drinfeld twist" for 6. The affine Poisson group associated with 
this triple is defined in the following way : denoting by (G, Pq) the connected, 
simply connected Poisson-Lie group associated with the bialgebra (g, 6), the affine 
Poisson group is G as a manifold equipped with the ajfine Poisson structure given 
by the Poisson bivector vr := Pq + where is the left translation of / on G. 
On this Poisson manifold, the Poisson-Lie groups acting simply and transitively 
are {G, Pg) by translation from the left and (G, Pq + ~ f^) by translation 
from the right (/^ being the right translation of / on G). 

2. Quantum torsors 

2.1. Non-commutative torsors. Let us consider now a commutative field k 
and a commutative /c-algebra A without any zero divisor. For example, A = k ot 
A = k[[h]]. We will work in the category of y4-(unitary associative) algebras. 

Definition 2.1. An A-torsor is a quintuple (T, m^. It, /^t, ^t) where (T, rriT, It) 
is an A-algebra, fix '■ T — T ®a ®a T is an A-algebra morphism and 
9t '■ T — > T is an A-algebra automorphism satisfying the following axioms : 





(x) = 


X ® It 




(6) 


{rriT ® Idr) o /iT 


(x) = 


It ^ X 




(7) 


{Idr ® Idpop (S> fir) ° 


fix = 


{fix ® Idrpop 


(g Idrp) O flrp 


(8) 


9rp o (/ij. (g) Idnpop (g) Idr) o 


Ht = 


{Idr ® jJ^T ' 


g) Idr) o /iT 


(9) 


{6t ®6t® 6t) o 


jJ^T = 






(10) 


- T(i3)0/iT andO^^ := {Idr^ 


^ IdfTop g 


D 9t ® Idrop <S) 


Idrr). If mT = 


, the 



torsor is said to be commutative. If ht = IJ-Tr the torsor is said to be endowed 
with a commutative law. 

Note 1. If {T,mT, Itj/^t^^'t) is an A-torsor, then 9t is fully determined by rriT 
and ht- For instance, if the torsor is either commutative or endowed with a 
commutative law, then Or = Ht- 

Remark 1. Of course, a given algebra needs not carry a torsor structure. For 
example, if char(/c) 7^ 2, then there is no fc-torsor structure on the /c-algebra 
k[X]/{X'). 

Remark 2. If (T, rrir, It, A^t, ^t) is an A-torsor, then (T°p, rni^, It, f^"^, Ot) is also 
an A-torsor, called its opposite torsor. 
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Notation . We will use generalized Sweedler notations. If {T,mT,lT, I-^t,Ot) is 
an A-torsor, then for all x E T, forgetting the symbol ^,we denote Ht{x) = 
x*^^^ x^^-* ® x^^^ andfi^\x) = x^^^ ® • • • ® x^'^"'~^^\n G N, where /z^^ satisfies the 
induction fi^ := Idj- and /i^'' = (/i^ (S) Htop ® My) o /i^.. 

Then, the torsor axioms show that for any odd integer i, we have : 

® . . . ® x(^-i) ® ® ® ® ® . . . ® = ^P{x) 

and, for any even integer i, 

x^'^ ® . . . ® x^'~^^ (g) ® ® ® ® . . . ® a;^'"^^) 

In particular, we see that for all x G T,9t{x) = x^^^ x^'^^^^^ x^'^^^'^^ x^"^^^^^ x^^\ 

As apparent with the study of Example |l| below which shows that 6t is an 
analogue of the square of the antipode in a Hopf algebra, it seems necessary to 
introduce 6^ in the definition of a non-commutative torsor. 

Example 1. The trivial torsor of a Hopf algebra 

Let (if, rriH, ^h, Vh, ^h, Sh) be an A- Hopf algebra. Then, (if, mn, ^h, fJ^H, Oh) 
is an A-torsor with 1h = rinil), jJ^H '■= (Id// ® Sh ® Id//) o A^-* and 6h '■= Sjj. 

Example 2. Affine torsors in algebraic geometry 

As said in introduction, in algebraic geometry, a torsor is the data of a scheme 
X, a group-scheme G and an action m : G x X — > X such that the map : 

(m X prx) : GxX — > X xX (11) 

is an isomorphism of schemes. As noted by Kontsevich | [Kon| | , in the language 
of affine scheme, X correspond to a comodule-algebra A over an Hopf algebra H 
and the map fix '■ — > X obtained by composition : 

X^ = X"^ X X^G X X X X — >GxX — >X (12) 

where the second map is obtained by forgetting the second factor in G x X x X 
gives rise to a torsor-structure on A (with of course 6 a = Id^). In other terms, 
the torsors of algebraic geometry are the commutative torsors for the definition 
2A\ a good example of torsor without any point that we should keep in mind 
is X = Isom(M(n), A) where A is a simple central algebra. In this case, the left 
group (i.e., the group acting simply transitively from the left on the torsor) is 
PGL(n) and the right group is A^ /k^ if k denotes the ground field. 

Example 3. Quadratic extensions of a field 

The following examples of torsor structures on algebras (without character if 
d (fc^)^) are nothing but subcases of the previous example. If is a commutative 
field and if c? G k^ ,then the A;-algebra A = k[X]/{X'^ — d) can be equipped with a 
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/c-torsor structure by fiA{x) = x®x ^ <S)x, x = cl{X) and 9a = Id^- If char(A;) = 2 
and A = k[X]/{X^-d) or A = k[X]/{X^ -X -d) with d e k, the law i^a defined 
on A by IjLa{x) — l<Sil<Six + l®x<Sil + x<Sil<Sil and x = cl(X) gives to ^4 a 
/c-torsor structure with 9a — Id^- 

Example 4. Generahzation : Galois extension of a field 

Let K — k[T]/(P) be a Galois extension of a field k,t :— cl{T) a primitive 
clement in K, G := Gal(7^/A;) the Galois group of the extension and H := k'-' := 
(kG)* the natural Hopf algebra of functions on G with values in k. First, note 
that there is a natural structure of if'^°P-left comodule algebra on K given by a 
morphism '■ K — > H ®kK. Second, note that we can identify K K with 
K[T]/{P) such that ti := t ® 1 e K K is identified to cl(T) e K[T]/{P) and 
t2 := 1 ^ t is identified to t & K G K[T]/ (P). Third, note that there is a natural 
isomorphism between K'-^ := H ®k K (the algebra of functions on G with values 
in K) and K ®k K K\T]/{P). Under this isomorphism, x ® y & K ®k K is 
associated to YliaeG ^(T®'7{x)y & H®K where 1^ denotes the natural idempotent 
in H associated to(Tby< l^.r >= 5a,T for all r e G and la<Six e K*^ is associated 
to Pa X (10 a:) with Pg. = Ylr^a g-(t2)-r(f2) ■ Therefore, by composing with 
the embedding of H in K'^ — H ®k K = K ®k K , we get an algebra morphism : 



We have fJ^^^ix) := 'r(i3) o^^(,t) = o'(x)(S)Po-i for all x E K and {g^ld){Ph) = 
Phg-^ and {\d®g){Ph) = Pgh for any elements g,h E G. From this, it can be shown 
that {K, rriK, ^k, IJ'K, Id^) is a A;-torsor and that G is a group of automorphisms 
for the torsor {K, rriK, Ik, /J-k, Id/c)- In others terms, Galois doesn't classify only 
torsors of the algebraic geometry; Galois is also a torsor ! 

Example 5. Non-commutative torsors without character 

Let k he a field and n be a non-negative integer. Suppose that k contains an 
element q which is a n-th primitive root of 1. For any a and f3 in k^ , we denote 
by Aa^fj the non- commutative algebra with unit and without character given by 
generators : x,y and relations : = a,?/" = P and xy = qyx. The algebra Aa,j3 
is a non-trivial cyclic algebra and dim^ Aa,i3 — r? . If n = 2,then A^,^^ is an algebra 
of quaternions. There is a natural structure of non- commutative torsor endowed 
with a commutative law on A^,^^ given by /i(x) — x® x~^<^x,iJ,{y) = y ® y~^ ® y 
and ^ = Id. 

2.2. Poisson torsors. 

Definition 2.2. A k-Poisson torsor is a sextuple (T,m'j',lT, I^t,9t, {,}t) such 
that 1) (T, rriTi It, A*t, 9t) is a commutative k-torsor, 2) (T, mr, It, {, }r) is a k- 
Poisson algebra and 3) the maps fj^xand 9t are Poisson maps where the Poisson 
structure on T ®kT is given by the bracket : {x ® y ® z,x' ® y' ® z'} — 



K (g)k K®kK 



(13) 



X 
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{x, x'} <S) yy' ® zz' — xx' ® {y, y'} ® zz' + xx' yy' ® {z, z'} for any elements 
X, x', y, y', z, z' belonging to T. 

Proposition 2.1. IfG is a Poisson affine group, then [G^^g] is a classical Pois- 
son torsor and {Og,i^Og, '^Og) can be naturally endowed with a Poisson torsor 
structure. Conversely, if X is a smooth manifold and if {0;^,'S^o ^, ooox) can be 
endowed with a Poisson torsor structure then X is isomorphic to a Poisson affine 
group. 

However, Poisson torsor structures on commutative algebras without character 
should exist (?), even if we are unable to give a single example. A way to get 
such a torsor should be to consider an affine torsor X without any point on a 
field k (cf Example 0) and two r-matrices r; and of Q[ := Liei(0((X)) and 
0r := Liei(S5r(X)) such that the Schouten algebraic brackets [r/,r;] and [r^jT,.] 
are equal as elements of 0i ®i t = St ®« t where k is an algebraic closure of k. 
Indeed, in this case, the bivector field rf" — is a Poisson bivector on X, where 
rf" (resp. r^) is the left action of ri (resp. r^) on X. Therefore, this problem 
is intimely linked with the problem of classification of r-matrices in Lie algebras 
over a non-algebraically closed field. 

Definition 2.3. A quantization of a k-Poisson torsor {Td, rnT^i, '^t^p f^T^n ^t^p {' }ci) 
is the data of a k[[h]]-torsor (T, m^, 1^, /^r, ^r) such that the k[[h]]- algebra (T, m^, It) 
is a quantization of the k-Poisson algebra (T^;, mr^,, 1^^,, {, }cO and such that 
fj,T = fiT^i {modh) and 6t = Ot^^ (mod h). 

In the future, our goal is to classify all torsors corresponding to certain classes 
of Hopf algebras. The problem seems to be difficult. Indeed, when the ground 
field k is not (necessarily) algebraically closed, affine torsors of the algebraic 
geometry are classified by means of non-abelian cohomology. On the other hand, 
when k is algebraically closed, the study of classical torsors in the category of 
Poisson manifolds |PS|| shows that the Drinfeld twists should play a role in the 
classification. 



3. The results 

We present below our main results about torsors. As before, in all this section, 
k stands for a commutative field and A for a commutative /c-algebra without any 
zero divisor. 

3.1. The Hopf algebras Hi{T) and Hr{T). In the classical case, on any torsor, 
there are two groups acting simply and transitively. In the non-commutative 
setting, we can also find two Hopf algebras co-acting on a given torsor. 

Theorem 3.1. Let (T, nix, It, fJ^T, Gt) be an A-torsor. We denote by Hi{T, mT, It, I^t, 
or shortly Hi(T) or Hi^ht) if there is no confusion, the subset ofT^AT"^ defined 
as{x eT T°P/{Idr ® Idrpop ® 6't ® Idrop) o {ht ® Idrop){x) = {IdT ® /i^^)(x)}. 
Then, 
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1. if X G Hi{T),mT{x) is a scalar denoted by eHi{T){x)lT; 

2. ifxe Hi{T),AH,iT){x) := (/^t ® IdTop){x) G Hi{T) ®a Hi{T); 

3. zfxe Hi{T), Sh,(t){x) := ^u) o {Idr ® eT){x) G Hi{T); 

4. defining rriH^^j') i/ie restriction of mj- "m^^ to Hi{T) and rjHi(T) '■ 
A — >• Hi{T) as given by riHi{T){^) = It ® 1t; ^^en i/ie following sextuple 
{Hi{T),mHi{T), ^Hi{t),VHi{t),£hi{t), Shi{t)) is an A-Hopf-algebra. 

5. ImfiT C Hi(T) ®A T and /ly : T — > Hi{T) (S)a T gives to T a left Hi{T)- 
comodule- algebra structure. 

Likewise, we denote by Hr{T,mT,lT, ^J'T^^^t) or shortly Hr(T) or Hr^fir) if 
there is no confusion, the subset of T°p ®a T defined as 

Hr{T) ■={xe T°P ®A T/(Idrop 9t Id^op ® Idr) o (Idrop ® /ir)(x) = (ff^ ® IdT)(a;)} . 

Then, Hr{T) can be equipped with a natural structure of A-Hopf algebra, ImfiT C 
T ®AHr(T) and the map /xr : T — > T ®AHr{T) defines a right ifr(7')-comodule- 
algebra structure on T. Moreover, the two co- actions of Hi{T) and Hr{T) on T 
commute. 

Example 6. Let {H,mH, AH,f]H,£H, Sh) be a Hopf algebra equipped with its 
trivial torsor structure (if, m//, Ijy, fin, Oh)- Then, Hi{H) = (Idiy(S)5'/f)oA(ii), Hr{H) = 
{Sh ^Id-n) ° ^h{H) and ii^H '■= (J-dn^SH) (resp. ir,H '■= {^h ^^dn)) establishes 
a Hopf algebra isomorphism between Hi{H) and H (resp. Hr{H) and H). 

Example 7. If K/k is a Galois extension of a field k equipped with its torsor 
structure seen in |, then Hi{T) = {kG°P)* and Hr{T) = {kG)* as Hopf algebras. 

Example 8. Let Aa^p be the non-commutative algebra-torsor considered in Ex- 
ample ^. Then, Hi^Aa^p) = Hr{Aa,i3) is generated by the elements x ® x~^ and 
y ® y~^ and thus is isomorphic to the algebra of functions on Z/xZ x Z/kZ. 

Note 2. If (T, my, 1^, /xt, is an A-torsor, then the map {9j'<S)ldT) (resp. (Id^-® 
9t)) is a Hopf algebra isomorphism from Hi^fix) to Hr{fJ.'^) (resp. Hr{iiT) to 

iVote 3. If {T,mT,lT, f^Tj^r) is an A-torsor endowed with a commutative law, 
then Hi{T) = Hr{T) (in T ®aT). 

Note 4. Let {T,mT,lT, f^TyGr) be an A-torsor and e : T — A a character. If 
dimfc T < oo or £ o 6*7- = then T is isomorphic as an algebra to its left or 
right Hopf algebra with an identification between e and the co-unity of the Hopf 
algebra. 
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3.2. Torsors and Hopf-Galois extensions. The notion of Hopf-Galois exten- 
sion was introduced by Chase and Sweedler in 1969 in the commutative case 
and later by Kreimer and Takeuchi in the non-commutative case ||KT| 



as a 



generahzation of the Galois theory where the Galois groups are replaced by Hopf 
algebras. Let be a (commutative) field and H an Hopf algebra. The axioms for 
a left if-Galois extension A oik are the ones we would get by taking formula (|Tl|) 
as a reference for defining torsors over Hopf algebras ||Schn|| . By definition, a left 



/f-Galois extension A of is a H-\eii comodule-algebra A given by a morphism 
Aa : A — > H ® A such that 1) {x e A/Aa{x) = 1 ^ x} = k and 2) the natural 
map can : A^ A — > H ® A given by can = (Id^ ® m^) o ( A^i ® Id^) is a linear 
isomorphism. In the classical case, if X is a torsor, then the natural map 

Gi{X) xX — > X xX 
{g,x) I — > i9-x,x) 

is bijective. The following proposition generalizes this fact to the non-commutative 
case. 

Proposition 3.1. Let (T, m^-, 1^, /xy, 6t) be a k-torsor. Then, T is a left Hi{T)- 
Galois extension of k and a right Hj.{T)- Galois- extension of k. In particular, in 
the finite dimensional case, we have dim^T = dimfc/7;(T) = (\im.kHj.{T). 

3.3. Composition of torsors. The A-torsors form a category. We can naturally 
define the notion of torsors morphism, sub-torsors, quotient torsors and tensor 
product of two torsors. If (Tj, m^- , 1^^, /iT^, ^'tJ, i = 1,2 are two torsors with a Hopf 
algebra isomorphism between Hi{Ti) and Hr{T2), then the following theorem 
shows that we can compose the two torsors to get a third torsor whose Hopf 
algebra co-acting from the left (resp. from the right) is isomorphic to Hi(Ti) 
(resp. Hr(T2)). 

Theorem 3.2. Let {Ti,mTi, It^ , /^t^ , ^t^ ) , = 1,2 be two A-torsors where A is as 
above. Let us assume that there is an isomorphism $ : Hr{Ti) — > Hi{T2) of 
A-Hopf algebra and set 

T$ := Ti®$T2 := {x G Ti 0a T2/{Idr, ® $ ® Idr^) o (^^i ® /c^2)(a;) = {Idr, ® /iT2)(a;)} 

Let m$ and 6^ be the restrictions of rriT^ ® m^^g and Ot^ ® to and let /i$ 
be the map defined on Tq, C Ti ®a T2 with the help of the generalized Sweedler 
notations by : 

l^'S>{xi O Vi) = r(34)(xf ^ $(xf ^ ® xf^) (g) xf^ (g) xf O yi) (14) 

whereT(s4) ■ Ti® AT2® aT2'^ ® aTi® aTi® AT2 — > Ti® AT2® aTi® aT2'^ ® aTi® AT2 
denotes the permutation morphism of the third and fourth factors, Hi{T2) being 
imbedded in T2 ^a ^2°^- Then, 

1. (T$, m$, 1^2) is an A-algebra, ImjjLq, C T$ T^^ T$, Im0<^ C T$ and 
(T$, m<i,, 1^1 ® 1t2, Z^*, ^$) is an A-torsor. 
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2. The restriction of the map r(34) o {Idr^ ® $ ® Id^op) o (^uti ® Idrp°p) to Hi{Ti) C 
Ti ®^ T]°^ g'ives nse to an A-Hopf algebra isomorphism between Hi{Ti) and 
Hi(T<s,), whose inverse map is {Idrpi ® £hi{T2) ® Idrp°p) o r(34). 

3. The restriction of the map T(i2) o [Idrpop ® ® Idrp^) ° {Idrp^p (g) /ij-j) to 
Hr{T2) C T2°^ (S>yi T2 ^'Zfes nse to an A-Hopf algebra isomorphism between 
Hr{T2) and HriTq,), whose inverse map is {Idr°p ®SHriTi) ® -^^^2) ° ''"{12) ■ 

3.4. The group Tor(if ). If / : (Ti, mT^,lT^, fiTi,OTj — > (T2, rriT^, It^, /iTa, ^'tz) 
is an A-torsor morphism, then it can be shown that (/ (g) f°^){Hi{Ti)) C Hi(T2) 
and that // := (/ ® f°^)\Hi{Ti) '■ -f^«(Ti) — ^ Hi(T2) is an A-Hopf algebra mor- 
phism. Likewise, we define a Hopf morphism : Hr{Ti) — > Hr{T2). Con- 
sequently, if H and H' are two A-Hopf algebras, on the set Tor(if, H') of the 
septuples (T, tut, It, /^t, ^t, "^z.t, v,T)"where (T, m^, l^^, fix, Gt) is an A-torsor and 
where ii^T '■ Hi{A) — > H and ir,T '■ Hr{A) — > H' are two A-Hopf algebra isomor- 
phisms, we can define a relation ^h,h' by (Ti,mTi,lTi, f^Ti,OTi,ii,Ti,h;Ti) ^h,h' 
(T2, mT2, lr2; /^T2; ^T2 ; "^i.Ta ; V,T2 ) if ciud ouly if there exists an A-torsor isomorphism 
f : (Ti, my^, 1t^,ixti,9ti) — > {T2, uit^, 1x2,1^X2,0x2) such that ii^n = k,T2 ° fi and 
V,Ti = V,T2 ° fr- This relation is an equivalence relation. The quotient set is 
denoted by Tot{H, H'). Moreover, if H, H', H" are three A-Hopf algebras, we 
have a natural map : 

Tb?(if, H') X Tb? (if', H") — > T^{H, H") 
(Ti, . . . , v^Ti) X (Ta, . . . v,T2) I — ^ (7", . . . V,t) 

where T := Ti T2 is by Theorem |3.2| an A-torsor and $ := i'[^^ o ii^Xi, k,T '■= 
ii^Ti o (Wti ® £^//K7'2) ® Wtop) o r(34) and ii,.T := ir,T2 ° (Wt^p ® ^h.(Ti) ® IdT2) o ^(12)- 



It can be shown that the map defined in (15) is associative and compatible with 
the equivalence relation ^h,h'- Thus, we define a composition law on Tor(ii) := 
Tor (if, H) which is denoted by *. 

Theorem 3.3. Let {H,mH, ^h,Vh,£h, Sh) be a Hopf algebra over a commu- 
tative field k. The set Tor{H) equipped with the law * is a group whose unit 
element is the class of the trivial torsor {H,mH,lH, fJ'H,(^H,ii,H,ir,H) (the no- 
tations are the same as those of Examples |7| and The inverse of the class 
of {T,mT,lT, fJ^T,OT,ii,T,ir,T) is equal to the class of the opposite torsor of T : 
(T°P,m^,lT, fJ'Ty^T,k,T°p,ir,T°p) with ii^T°p '■= ir,T ° {Idr ® 9t)^^ and ir,T°p '■= 
ii,T o {dr ® Idr)^^ (see Remark |^ and Note 

The group Tor (ii) is called the torsor invariant of the A-Hopf algebra H. As 
we saw with the study of Example ^ together with Example ||, this group is far 
from trivial. Given the link with the Hopf-Galois extensions theory, it should be 
seen as a subgroup of Bigal (ii) introduced earlier by Schauenburg [[Scha|| and also 
as a generalization of the Harisson group in Galois theory. 
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3.5. Cotorsors " la Parmentier" . We show that Parmentier's formahsm which 



allows to quantize affine Poisson groups [DS] can be subsumed in our theory of 



torsors or cotorsors whose definition is given below. 

Definition 3.1. An A-cotorsor is a quintuple (C, A^;, Eq, vc-, ^c) where {C, Ac, Ec) 
is an A-coalgehra, vc : C ®a ®a C — > C an A-coalgebra morphism and 
6c '■ C — > C a coalgebra automorphism satisfying the following axioms : 

Vc ° (^c ® Idc) = <^c® Idc (16) 

lyc o {He ® Ac) = Idc®Ec (17) 

° {i^c ® Idccop ® Idc) = ° (Idc ® Idc^op uc) (18) 

^'c ° (^'c ® Idc<:°p (S> Idc) ° (^c^ = {Idc ® i^c ® ^dc) (19) 

i^c ° {Oc ® Oc ® dc) = vc°Oc (20) 

with := Vc ° T{i3) o.'^d O'^^ := {Idc ® Idccop ® 6c ® Idc^op (g) Idc)- 

The cotorsors theory can be developed in the same way as the torsors one. In 
particular, any cotorsor can be equipped with two coalgebra-module structures 
over Hopf algebras and the two actions commute. If (T, m^, It, fir, Or) is an A- 
torsor, then {T*,m^,rj^, fj,^,9^) is an A-cotorsor, where rjT ■ A — > T is defined 
by r7T(l) = It- The converse is true in the finite dimentional case. 

Now, let {H, rriH, Ah, rjH, £h, Sr) be an A-Hopf algebra and let F E H ®a H 
be a Drinfeld twist Q, i.e., an element F satisfying the equations : 

{F ®1){A® \d.H){F) = {l® F){mH ® Ah){F) (21) 



{eh ® Idu) {F) = {IAh ®eH){F) = l (22) 

Then, it is known that up '■= ttlh o {Idn ® Sh){F) is an invertible element 
of H whose inverse is Up^ = mu o {Sh ® Id_f/)(-F~^) and that if we set Ap '■ = 
FAhF~^ and Sp '■= upSnUp^, then the sextuple {H,mH, Ap,rjH,EH, Sp) de- 
noted shortly by Hp is an A-Hopf algebra. Moreover, if if = [/^(g) is a QUE 
algebra, 5 := lim;j_»o Ii'^^{Ah — A^) and / := lim^j^o h~^{F — 1 ® 1), then the 
triple {H, AhF'^, eh) is a A;-coalgebra which is a quantization of the affine Pois- 
son group given by the triple (g, 5, f) [0. 

Theorem 3.4. Let {H,mH, Ah,tih,£h, Sh) be an A-Hopf algebra and let F G 
H ®A H be a Drinfeld twist. Set {C,Ac,ec) '■= {H, AhF~'^,Eh) and let 6c 
be the A-linear map defined on C by "ix E C,9c{x) = Sh{x)Sh{up)up^ with 
Up := tuh o {Idu o Sh){F) and 

uc: C®aC''"'®aC C ^23) 

x®y®z I — > xupSH{y)z ' 

Then dc is an A-coalgebra automorphism for the A-coalgebra {C , Ac,Ec),i'c is 
a A-coalgebra morphism, and the quintuple {C,Ac,Ec,i^c,0c) is an A-cotorsor 
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whose Hopf algebra acting from the left (resp. from the right) on C is isomorphic 
to H (resp. Hp). 

In particular, if we denote by ii^c and v,c two isomorphisms from H and Hp 
to Hi{C) and Hr{C), we see that, in the case where A = k and C is a finite 
dimensional /c-vector space, then the septuple {C*, A'^,e'^{l), 1^^,9^,11 (j,i*(j) G 

Tor (if. Hp). Moreover, if F commutes with the comultiplication Ah, then Hp = 
H . Therefore, we see that Tor(/7) contains a subgroup isomorphic to Aut(if)^ x 
{F G {H ® H)^ /F is a Drinfeld twist and F commutes with Im(Ai^)}. On the 
other hand, according to Note ^ to get a torsor which is not of the Parmentier 
type, it is enough to consider torsors endowed with a commutative law whose 
underlying algebra does not possess any character. This is the case of torsors of 
Example ^ or Example ^. This last example gives also torsors which are neither 
"Parmentier type" torsors nor torsors arising from algebraic geometry. 



4. Open problems 

1. Find a non-trivialPoisson torsor structure on a commutative algebra without 
any character and try to quantize it. Classify all Poisson torsors. 

2. Find Tor(if) in simple cases. 

3. Study Tot{H) when the Hopf algebra if is a quantized enveloping algebra. 

4. In particular, if (g, 6) a k-Lie bialgebra, if / is a classical Drinfeld twist and if 
(Unid), A) is a quantization of (g, 6), is it true or not that every quantization 
of the Poisson torsor given by the triple {g, S, f) is a "Parmentier" type torsor, 
that is to say given by a quantization F of / ? 

5. Study the case where H = CFis equipped with its natural Hopf algebra 



structure, with F a finite group, by using some results due to Movshev [[Mo 
or to Etingof-Gelaki [|EG|| about twists in this Hopf algebra. 



6. Find and classify all "low dimensional" torsors. 

7. Generally speaking, classify all torsors and cotorsors for a large class of Hopf 
algebras. 

8. A classical torsor together with its opposite torsors can be seen as a groupod 
on a basis with two elements. Are our axioms compatible with the notion 
of a quantum groupod ||Ma|| ? 

9. Is it possible to find an Hopf- Galois extension which is not a torsor in our 
sense ? 

10. Establih a link with the Galois cohomology which classifies torsors in alge- 
braic geometry. 
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